Recently an action based on Lie 3-algebras was proposed to describe M2-branes. We study the case of infinite dimensional Lie 3-algebras based on the Nambu-Poisson structure of three dimensional manifolds. We show that the model contains self-dual 2-form gauge fields in 6 dimensions, and the result may be interpreted as the M5-brane world-volume action.
Introduction
Recently, Bagger and Lambert [1] [2] [3] and Gustavsson [4, 5] proposed a supersymmetric Lagrangian for multiple M2-branes with a Lie 3-algebra [6] as the internal symmetry
where D µ is the covariant derivative
V (X) is the potential term defined by
and the Chern-Simons action for the gauge potential is
The indices I, J, K run in 1, · · · , 8, and they specify the transverse directions of M 2-brane; µ, ν run in 0, 1, 2, describing the longitudinal directions. The indices a, b, c take values in 1, · · · , D where D is the number of generators of the Lie 3-algebra specified by a set of structure constants f abc d . The fermionic field Ψ is a Majorana spinor in 10+1 dimensions satisfying the chirality condition Γ 012 Ψ = −Ψ. (The SUSY parameter ǫ satisfies Γ 012 ǫ = ǫ.) As a result Ψ has 16 real fermionic components, equivalent to 8 bosonic degrees of freedom. The bosonic fields include 8 X I 's and 3 A µ 's.
In 2+1 dimensions, ordinarily a gauge potential has one propagating degree of freedom. However, here the gauge potential A has no canonical kinetic term, but only a Chern-Simons term, and hence it has no propagating degree of freedom. The action has N = 8 maximal SUSY in d = 3, and the SUSY transformations are
The gauge symmetry for the bosonic fields are written as,
For the consistency of these symmetries, we need to require a generalized Jacobi identity (or the fundamental identity) to the structure constants,
When D is finite and the metric h ab = T a , T b for the basis of generators T a (a = 1, · · · , D) is positive definite, the only known examples are (1) trivial algebra f abc d = 0, (2) the so-called A 4 [7] , with D = 4 and the structure constant f abc d = iǫ abcd , and (3) their direct sums. Many attempts have been made to search for further nontrivial examples of 3-algebras [8] [9] [10] [11] . It was conjectured in [10] that there exists no other example of finite dimension with a positive definite metric. This was finally proved in [11, 12] very recently.
When the constraints (1) D is finite and/or (2) h ab is positive definite are replaced by milder constraints, there are many varieties of 3-algebras which satisfy the fundamental identity (see for example [10, 13] ). In particular in [10] , we commented that for any manifolds with Nambu-Poisson structure [14] [15] [16] [17] [18] , one can define D = ∞ positive-definite Lie 3-algebra. The BLG theory has gained a lot of attention very recently [19] . In this paper, we examine the BLG theory with D = ∞ Lie 3-algebras based on 3 manifolds N with Nambu-Poisson structures. We will show that the field theory on the membrane world volume M can be rewritten as field theory on a 6 dimensional manifold M × N whose bosonic components consist of the self-dual gauge field on M × N and scalar fields which define the embedding. As this is the field content of an M5 brane [20, 21] , we interpret it as a model of M5-brane constructed out of infinitely many M2-branes. We note that this problem was considered in Basu and Harvey [22] in the context of the generalized Nahm equation. Our result will provide a new prospective to this problem.
Nambu-Poisson manifold and Lie 3-algebra
We consider 3 dimensional manifolds N equipped with the Nambu-Poisson brackets. The NambuPoisson bracket is a multi-linear map from C(N ) ⊗3 to C(N ) defined as
where Pμ ,ν,λ is an anti-symmetric tensor. We use the coordinate yμ (μ = 1, 2, 3) to parametrize N . The Nambu-Poisson bracket needs to satisfy the fundamental identity,
which gives severe constraints on Pμ ,ν,λ (y) (see for example [18] ). The simplest possible Nambu-Poisson bracket is the Jacobian determinant for 3 variables yμ(μ = 1, 2, 3)
This is the classical Nambu bracket. In general, it is known that a consistent Nambu bracket reduces to this Jacobian form locally by the change of local coordinates [17] . So we will use it in the following for simplicity. Nambu-Poisson bracket may be regarded as the definition of Lie 3-algebra in the infinite dimensional space C(N ). We write the basis of C(N ) as χ a (y) (a = 1, 2, · · · , ∞). We define the Lie 3-algebra structure constant by Nambu-Poisson bracket
We write the inner product as integration
The measure factor µ is chosen such that the inner product is invariant under the Nambu-Poisson bracket, namely
The inner product between the basis elements h ab = (χ a , χ b ) is called metric. We choose the dual
c . The indices of the structure constant can be changed by contraction of the metric. In particular, e h ae f bcd e = f bcda defines a totally anti-symmetric 4-tensor. In order to have finite metric, we need to restrict N to a compact manifold. One may, of course, discuss noncompact manifolds by appropriate limits of the compact spaces.
Examples
Since we will analyze only the quadratic terms of the Lagrangian, the detail the 3-algebra will not be so relevant. However, since it is of some interest to see the algebra itself explicitly, we present a few examples where explicit computation is possible. It will be useful to proceed to analyze the higher order terms in the future.
T 3 and R

3
The simplest example of infinite dimensional 3-algebra is given by T 3 with radius R. The basis of functions are parametrized by n ∈ Z 3 as (if we take µ = (2πR)
The metric and the structure constants are given by
If we take R → ∞, we obtain the Lie 3-algebra associated with R 3 . The label for the basis becomes continuous and the metric becomes the delta function.
S 3
We introduce four variables y 1 , · · · , y 4 and the Nambu-Poisson bracket defined by
If we restrict C(N ) to the linear functions of y i , it agrees with A 4 . We impose a constraint φ(y) := y . By the constraint, whenever powers of y 4 higher than 2 appears, we can reduce it to zero and one. Therefore the basis of functions are given as
The 3-algebra becomes
where ρ = e 1 + e 2 + e 3 .
M2 to M5
In this section we will show that the BLG model with a Nambu-Poisson structure on a 3 dimensional manifold contains the low energy degrees of freedom on an M5-brane. Before going on, let us count the number of degrees of freedom in the bosonic and fermionic sectors in our model. The fermion Ψ is a Majorana spinor in 10+1 dimensions with a chirality condition, and thus it has 16 real fermionic components, equivalent to 8 bosonic degrees of freedom. For a 5-brane there are 5 transverse directions corresponding to 5 scalars X i . For an ordinary 2-form gauge field in 6D, there are 6 propagating modes.
But since we do not have the usual kinetic term for A, but rather a Chern-Simons term, there are only 3 propagating modes. The low energy effective theory of an M5-brane contains the same number of bosonic and fermionic degrees of freedom. But a salient feature of the M5-brane is that the 2-form gauge field is self-dual. Hence our major challenge is to show that the gauge field of the BLG model is equivalent to a self-dual 2-form gauge field. A comment on the notation: we will use I.J, K to label the transverse directions to the membrane worldvolume M. We decompose this eight dimensional space as a direct product of N and remaining 5 dimensional space. We useμ,ν,λ to label N and i, j, k to label the transverse directions of the M5-brane.
Rewriting fields and covariant derivative
We expand the fields in BL action in terms of a basis {χ a (y)} of C(N ) as
which show that the original 3 dimensional fields on M2-branes are promoted to 6 dimensional ones. We note that the gauge potential A µb still contains the index b which labels the basis of C(N ). The covariant derivative is
Action
In the following, we will rewrite the M2 action in terms of the six dimensional fields defined in (23) (24) (25) . For this purpose, we decompose the summation in I, J, K to the summation inμ,ν,λ and i, j, k.
Without loss of generality, we will take
and
Potential term
As in matrix models [23] [24] [25] , the first trick to reorganize the 6 dimensional fields is to rewrite
Xμ(x, y) = yμ + Aμ(x, y).
Thus
where
The gauge transformation of the gauge field Aμ is given by
The linear part of the transformation of Aμν becomes
as that of a standard 2-form gauge field. Thus at the quadratic level of the action, we define the field strength of A as Fμνλ = ∂μAνλ + ∂νAλν + ∂λAμν.
Sinceμ,ν,λ = 1, 2, 3, we have
Now we try to rewrite the quadratic part of the potential in terms of the field strength F . The first term in (31) is a constant. The 2nd term is a total derivative, unless F is a constant. The 3rd term is 3(ǫμνλ∂μAνλ) 2 = 2Fμνλ 2 .
After integration by parts, the 4th term becomes
Thus, altogether, we find up to total derivatives
We also have the 2nd term in (29) given by
The 3rd and 4th terms in (29) have no quadratic terms.
Fermion kinetic term
The kinetic term for the fermion is easy to compute:
Chern-Simons term
The Chern-Simons term in the BL action is
It can be rewritten as
2 Keeping all the total derivatives, it is
Let us now focus on the quadratic term. Here we need to introduce the second trick. In the choice of the basis χ a , we pick the first three as
The rest of the basis χ a correspond to higher oscillations modes. 3 They are ignored for the purpose of this paper, which is to identify the physical degrees of freedom of the low energy effective M5-brane theory.
For these modes, we change the label a to the labelμ of the coordinates of N . We pick up the corresponding mode in A µa (rewritten as A µμ ) in the quadratic terms in L CS and find
The dots · · · represent the terms which involve A µa 's for higher oscillation modes. In the following we will ignore them for simplicity.
Kinetic term for X
The kinetic terms for X I 's are
where we defined the field strength of A
Here again, · · · represents those terms involving A µa (a = 1, 2, 3) and higher order terms which we ignore in the analysis in the following.
Equivalence to M5-brane low energy theory
Collecting all relevant terms, the quadratic part of the BL Lagrangian is
The first two terms on the right hand side are the standard kinetic terms for free fields living on a 6 dimensional space. They agree with what we expect for an M5-brane. We will now focus our attention on the gauge fields.
The last term in the Lagrangian can be rewritten as
This is different from the expression of a field strength for an ordinary 2-form gauge field because it misses the term ∂λA νλ . Hence Aμν is a 2-form gauge field, and A µμ is a 1-form gauge field with an addition indexμ. The gauge transformations are
Compared with a 2-form gauge field on a 6-dimensional spacetime, we are missing the components A µν and the gauge transformation corresponding to the other 3 components of the gauge parameter Λ µ . We will see below how they automatically appear when we analyze the equations of motion in more detail. One can rewrite the gauge field relevant terms in (49) as
whereF is the Hodge dual of the field strength defined bỹ
Here µ, ν, λ = 0, 1, · · · , 5 are the collective indices for both µ andμ. In particular,
The minus sign on the right hand side of (56) comes from ǫ µνμλνλ = −ǫ µνλμνλ = −ǫ µνλ ǫμνλ. The equations of motion derived from (54) are
Let us now show that this set of equations of motion (57), (58) is equivalent to the free field theory of a self-dual 2-form gauge field in 6 dimensions. First we focus on (58). Combined with the Bianchi identity (recall that Hodge dual exchanges equation of motion with Bianchi identity)
eq. (58) gives
Hence there exists a 1-form field B such that
Next we consider the equation of motion (57). Using (61), we find that (57) implies
Sinceμ,ν,λ can only take 3 different values, we have
and hence it follows from (62) that
This is solved by
where f (x) is independent of y. We can set f (x) = 0 by absorbing it in B µ . Then the B µ 's are shifted by functions of x, but this will not change the defining equation (61) of B µ . Thus, by suitably choosing B µ , we have
Eqs. (61) and (66) allow us to define a self-dual 2-form gauge field B µν as
The field strength dB is denoted by H and its components are
For a self-dual field theory, the 3-form field strength satisfies
(The two equations on the same line are equivalent.) It is straightforward to check that the self-duality conditions are guaranteed by (61) and (66). Thus we have proven that (61) and (66) are equivalent to the free field theory of a self-dual 2-form gauge field in 6 dimensions. The Lagrangian (54) can thus be understood as a Lagrangian for a self-dual 2-form gauge field in 6D, and it is different from such Lagrangians in the literature [20, 21] .
Remarks
One may wonder the possibility of constructing other Mp-branes (which should not exist) in M theory from multiple M2-branes. However, even if we had considered a higher dimensional manifold N with Nambu-Poisson structure, due to the decomposability [17] of the Nambu-Poisson bracket, locally one can always choose 3 coordinates {y 1 , y 2 , y 3 } in terms of which the bracket is simply {f, g, h} = ǫμνλ∂μf ∂νg ∂λh.
Hence the rest of the coordinates (y a for a > 3) of N will not induce derivatives or gauge field components. There can never be more than 3 of the X I 's turning into covariant derivatives. The decomposability of the Nambu-Poisson bracket is thus the mathematical basis of why there are no other Mp-branes with p = 5. In order to understand this statement, it may be instructive to consider a straightforward extension,
which would give us a theory on M8-brane. This does not work however since this bracket does NOT satisfy the fundamental identity! One may easily confirm this by examining {y 1 y 4 , y 2 , {y 3 , y 5 , y 6 }} = 0 , but {{y 1 y 4 , y 2 , y 3 } , y 5 , y 6 } + {y 3 , {y 1 y 4 , y 2 , y 5 } , y 6 } + {y 3 , y 5 , {y 1 y 4 , y 2 , y 6 }} = 1 .
The fact that the fundamental identity is so restrictive is helpful here to restrict the branes of M-theory to M2 and M5. The Nambu-Poisson tensor Pμνλ is reminiscent of the Poisson tensor θμν which appears on a Dpbrane world volume when there is a constant B-field background [26] . In both the weak and strong B-field limit, the noncommutative structure on the D-brane world volume can be approximated by the Poisson structure. By analogy, we suspect that the M5-brane action presented above corresponds to a weak or strong C-field limit with Cμνλ turned on. For a finite value of Cμνλ, we expect that the Nambu-Poisson bracket to be replaced by a quantum version. In [27] we proposed a quantum Nambu bracket by examining open membrane scattering amplitudes in the large C-field background. However, the fundamental identity is not preserved by the quantum bracket. If it is the correct formulation, one should interpret it as the Nambu bracket after gauge fixing A µνλ = 0.
There are obviously many things to be clarified in the future. In this paper we consider only the quadratic part of the Lagrangian and ignored higher terms and also the components for A µa for a = 1, 2, 3. To study the precise role played by them would be essential to understand the precise relation between M2 and M5. It will also be possible to study the opposite direction, to understand M2 from M5 brane action [20, 21] . Since M5 action is non-polynomial DBI type action, we expect to have a similar non-polynomial action which generalizes (1) . Since the higher powers of the generators of Lie 3-algebra will be inevitable, one needs to understand global structure associated with a given Lie 3-algebra. This is related to the problem of the quantum Nambu-bracket, a notoriously difficult problem but many attempts [13, 15, 27] have been made. We hope that our study here would provide a good hint to this problem.
